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Normal Forms of Reversible Dynamical Systems

Giuseppe Gaeta'

Received February 19, 1994

We consider reversible dynamical systems with a fixed point which is also fixed
under the reversing involution; we show that applying to such a system the
canonical Poincaré—Dulac procedure reducing a dynamical system to its normal
form, we obtain a normal form which is still reversible (under the same
involution as the original system); conversely, we also show how to obtain all
the reversibie systems which are reduced to a given reversible form. This allows
one to (locally) classify reversible dynamical systems, and reduce their (local)
study to that of reversible normal forms.

1. INTRODUCTION AND STATEMENT OF THE PROBLEM

In this note we will deal with reversible dynamical systems (Devaney,
1976). Here, by a smooth dynamical system (DS) we mean a system of
ODEs

x = f(x) (D
xeM=R" fif M->TM

where fis a smooth vector field (VF) on M. Since M = R™, it can also be
seen as a smooth function f: R” - R™, and in the following we will consider
it in this way. We will consider the case f(0) = 0; it is then natural to study
locally (1) around the fixed point x =0.

The DS (1) will be called reversible if there exists an involution
S: M — M such that

S2=] 2)
S(8x) = —Sf(x) (3)
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The name “reversible” is due to the fact that such a system is invariant
under the transformation

4

t——1

{x—»Sx

Reversible systems have been studied for a long time (Devaney, 1976;
Sachs, 1987; Moser, 1966, 1967; Sevryuk, 1986; Arnold and Sevryuk, 1986)
due to their properties and physical interest; in recent times, they have
attracted renewed attention (Quispel et al., 1988, 1989; Quispel and
Roberts, 1988, 1989; Quispel and Capel, 1989, 1992; Post et al., 1990;
Roberts and Quispel, 1992). We will refer to Devaney (1976), Quispel and
Capel (1989), and Roberts and Quispel (1992) and references therein for
motivation, properties, and known results concerning reversible systems,
and concentrate on the specific problem we want to discuss, namely the
connection between reversible dynamical systems and normal forms.

In the study of DS, a valuable tool is given by the theory of (Poincaré)
normal forms (NF) (Arnold, 1982; Arnold and II’yashenko, 1988; Bruno,
1989; Verhulst, 1990); this allows one to classify DS up to differential
equivalence, and to extract a set of DS—those in NF—which can be
studied in order to obtain information about the most genéral DS. It
should be stressed that other NF theories apply if we are interested in other
forms of equivalence, e.g., € or topological (¥°) equivalence rather than
the differential (¢¥*°) one (Arnold, 1982; Arnold and IP’yashenko, 1988;
Bruno, 1989). Here, we will only be concerned with €= equivalence and
Poincaré, or Poincaré—Dulac, NF; from now on, by NF we will mean
Poincaré—Dulac NF.

The study of reversible dynamical systems (RDS) encounters many
difficulties, one of which is the very fact that, while it is easy to decide if a
given DS is reversible with respect to a given involution S, it is not easy at
all to know if, given a DS, there exists any S under which this is reversible.
It is quite clear that a NF classification of RDS would be quite helpful in
this respect (and many others as well). In particular, it would be helpful if
we could affirm that a DS which is reversible with respect to (w.r.t.) a given
S, is reduced to a NF which is still reversible w.r.t. the same S,.

This is indeed the goal of the present node, and we will prove below
that the property mentioned above does actually hold.

The same concept can be expressed in a slightly more abstract way in
terms of diagrams, which will offer the opportunity to introduce a notation
to be used in the following.

Let .# be the set of smooth VF on M (i.e., of difftomorphisms of M),
which in the present case can be identified with the set of smooth functions
M- M, and let &, c # be the set of VF reversible w.r.t.. S, i.e., for
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which (3) is satisfied, S being such that (2) holds. Let p, be the projection
p.. M >R, and let © be the operator which associates to a VF its
canonical NF: let 2 be the set of VF in NF, i.e. 2 = n(.#). We would then
like to prove that the following diagram is commutative:

//{—7}—>@

l " j N )

§ 'Ws

Notice that a priori the sets n(4,) and p,(#) are not equal. Indeed, p,(#)
represents the set NF VF which are in £, i.e.,

ps(P)=(PR)=2, (6)
It is clear that if w € 2, then w € £, and n(w) = w, so that
P, cmR,) =P (N

but it could happen that a reversible VF is mapped by = into a nonre-
versible NF (or a NF reversible w.r.t. a different S). We will have to prove
this is not the case, i.e., #, = Z,.

As already suggested by the notation (2), (3), we will only consider
here the case of linear involutions: i.e., S will be an (m x m) real matrix;
notice that in this case, x = 0 is necessarily a fixed point for S. The case of
nonlinear involutions would be considerably more complicated, as the
coordinate transformation needed to take the DS to NF would also modify
the coordinate representation of S; this is analogous to what happens when
considering the NF reduction of symmetric (rather than reversible) DS in
the case of nonlinear symmetries, which requires a quite different approach
(Cicogna and Gaeta, 1993). We presume that the case of nonlinear
involutions can be dealt with along the lines of the nonlinear symmetries
approach, but we defer its study to a later time, due to the mentioned
substantial difference between the two approaches.

It should also be mentioned that, since as already mentioned in the
case M =R"™, f can be seen also as a function f: R”-R™, our results
immediately apply to discrete DS in R™, i.e., maps of the type x,, , ; = f(x,),
such that f satisfies (3); anyway, in the case of discrete DS, the appropriate
definition of reversibility would not be (3), but instead f(Sf(x)) = Sx
(Quispel and Capel, 1989; Roberts and Quispel, 1992).

In the following sections, we will first briefly recall how the NF
reduction works (Section 2) and some simple algebraic facts we need
(Section 3); we pass then to prove our main result, announced above, in
Section 4; in Section 5 we illustrate by a concrete example the simplification
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introduced by our result in the study of RDS; we summarize and discuss
our results in Section 6.

After the completion of the present work, I became aware of the recent
paper by Lamb et al. in which the authors obtain many relevant results
concerning reversible dynamical systems. In particular, the result given in
the present note is also contained in their paper (see their Propositions 3
and 4), although it is obtained there by a different method. I think it is of
some interest to see this result also by the (simpler) method presented here,
which is elementary and completely explicit.

2. REDUCTION TO POINCARE-DULAC NORMAL FORM

The Poincaré—Dulac procedure (Arnold, 1982) to transform a DS
(equivalently, a VF) like (1) in its NF, given by

x=wx); w=n(f) (8
is based on a sequel of formal near-identity transformations of the form
x =% =x+ h(x), k=22 9)

hy(ax) = a*h(x
Under this, and with VA the matrix function given by

oh
(V) =5 (10)

the DS (1) is transformed into
X =[I+(VB]~Y(x + he(x) =f(x) (11)

If now we assume f(0) =0, write f as a sum of homogenecous terms

&) =L = 4x + 3 £, (12
and expand (11) up to terms of order &, we get
X =Ax + kil £.(%) + [ fo(x) + AR (x) — (Vh)AX] + h.o.t. (13)
2

n=

where h.o.t. represents terms homogeneous of order (k + 1) and higher. In
other terms, under (9) the terms of order n < k are unchanged, and that of
order k is changed according to

Je o fo =fi — La() (14)
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where £, . M — M is the homological operator associated to A,
Y, =Ax-V—-4 (15)

also equivalent to the Poisson bracket with the linear field Ax; ie., Vfe #
it satisfies

(L4 )x) = {4x, f(x)} = (4x - V)f(x) — (f(x) - V)Ax (16)
Let us introduce the projection 6 on the range of %,
0: M —>Ran(¥,) (17
Then, the homological equation
L =0f); k=2 (18)

can be uniquely solved for A, up to a ok, € Ker(%,). By choosing the A,
which solves (18) as the A, generating (9), and proceeding sequentially for
k=2,3,..., we can then eliminate from f the terms in Ran(%,) up to any
desired order. The NF will therefore be characterized by the fact that it
includes only terms in [Ran(%,)]*, i.e., in Ker(Z 7).

It is customary in NF theory to restrict to the case 4 is a normal
matrix, i.e., '

[4,A7]=0 (19)
in which case also [Z,, £} ] =0, and we have in particular
M =Ker(Z,) ®DRan(ZL,) (20)

In the following we will assume (19) and (20) hold (Assumption A). The
NF reduction in the case A has Jordan blocks is discussed, e.g., in
(Arnold, 1982; Arnold and I'yashenko, 1988; Bruno, 1989); it would be
easy to extend our results to this case (see the final discussion).

As mentioned above, the solution to (18) is unique provided we
require h, € [Ker(%,)]5; if Assumption A is satisfied, this amounts to
requiring A, € Ran(¥,). We speak then of canonical NF reduction.

3. SOME ALGEBRAIC FACTS

Let us consider a matrix § satisfying (2). To this matrix we will
associate two sets of VF, i.e., the set €, « # of VF commuting with S, and
the set #, of VF, which are reversible w.r.t. S (anticommuting with S):

G, ={feM[f(Sx)=Sf(x)} = M (2D
R, ={fec M|f(Sx) = —Sf(x)} = M (22)
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Because of (2), these give a decomposition of .#, i.e., we have the following
result:

Lemma I'. If S>=1, then # =C,® X&,.

The above is equivalent to affirming the following.

Lemma I". If §? =1, for any f ¢ .# there are ¢ € €,, ¥ € R, such that
Sx) = ¢(x) + Y (x).

Proof. This follows from standard general group-theoretic results
(Kirillov, 1976; Hamermesh, 1962), it is also easy to give a direct proof.
Using the decomposition of the lemma, we get

S(8x) = ¢(Sx) + Y(Sx) = SP(x) — S(x) = SfA (x)‘ =28Y(x)  (23)
so that (recall S~!=5) it suffices to define

V00) = 3 1SF(S%) o) (24

to have the desired decomposition. n

Let us now consider # € 4, (or h € #,), and the associated matrix
(Vh)(x) = V;h(x). We have the following result:

Lemma II'. If h € €,, then (VA)(Sx) = S[(VA(x)}S .
Lemma II". If h € A&,, then (VA)(Sx) = — S[(VAN(x)]S .

Proof. This is again a well-known fact, but we give a short proof here.
Consider the function ‘

h(x) = h(Sx) (25)
Its gradient is
(VR)(x) = (Vh)(Sx) - S (26)
but using A(Sx) = + Sh(x), we also have # = + Sh, i.e.,
(VAY(x) = £8 - (Vh)(x) @7

and therefore the lemma. B

4. PROOF OF THE MAIN RESULT
First of all, we notice that, since S is a linear operator, (3) also implies
Sa(Sx) = —S8f,(x) (28)

which enforces in particular for the constant term fo(x) = f that Sfo = —fo;
we will assume that actually

fox)=0 (29)
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so that the r.h.s. decomposition of (12) applies. Moreover, for n = 1 we get
AS = -S4 (30)

We can now proceed to prove the main theorem; we divide the proof into
a few steps, and assume (2) and (3) are satisfied.

Lemma III. Xf A satisfies (30), then %, exchanges ¢, and Z_, i.e.,
Ly b, >R, and R, ~E,.

Proof. This follows by direct computation using Lemma II. Indeed, let
us write explicitly

(Z4h)(x) = g(x) =[(Vh(x)]4, — Ah(x) (31)
Now, consider
8(Sx) =[(Vh)(Sx)]ASx — Ah(Sx) (32)
which for h(Sx) = + Sh(x) gives, due to Lemma II and to (30),
8(Sx) = + S[(Vh)(x)]S ~'ASx F ASh(x)
= F[(VA)(x))4x + SAh(x) = T Sg(x) (33)
and the lemma is proved. W

Corollary. f L,he®R,, then h=hy+3h, with hye¥ and
oh € Ker(Z,).

Corollary. If g e[, nRan(Z,)], then L, h =g admits a solution
het¥,.

It should be stressed that %, controls the transformation of the term
Ji of the same order as the function A, generating the transformation (9),
but not the transformation induced in higher-order terms. In particular, it
could happen a priori that the action of (9) with h, € %, transforms a
reversible VF into a nonreversible one. This eventuality is excluded by the
following result.

Lemma IV. If fe &, and h € €,, then f is transformed by (9) into a
new reversible VF fe %,.

Proof. The explicit expression of f is given in (11); by this we can
check that indeed, using Lemma II and & € €,,

J(Sx) =T + (VAX(Sx)] ~'f(Sx + h(Sx))
=[SIS=1+ S - (VA)(SX) - $~'1-'f(Sx + SK(x))
=~ [T+ (VEXS)] " - S~'Sf(x + h(x))
= -5f(»

and the lemma is proved. W
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It should be stressed that in this section neither the condition (2) nor
Assumption A has been used up to now; we use them in the following
result.

Lemma V. Let S?=1 and let A satisfy Assumption A; let 8 be as in
(17). Then if feX,, also 0f € A,.

Proof. Since, by assumption, (2) and (19) are verified, we are granted
that Lemma I and the decomposition (20) hold. We can therefore decom-
pose any function fe .# as

=, ) +d_ () +¥, () +y_(x) (34
where ¢, € Ker(%,), ¥, € Ran(%,), and
x:(Sx) = £8x(x), 1=,y (35

Since f € #,, we must have

¢, (%) =¥, (x) (36)

and since they belong to complementary (due to Assumption A) linear
spaces, necessarily

$.=y,=0 (37

which enforces in particular
0(f)=v_ea, (38)

and proves the lemma. B

This also concludes the proof of the ingredients we need for the main
result, which we state as follows.

Theorem. Let S>=1 and fe R,; let A =(Df)(0) satisfy Assumption
A, i.e., [4, AT] =0. Then the canonical reduction of f to NF is reversible
w.r.t. the same § as f, i.e., w =7n(f) € 4,.

Corollary. n(R,) =P, =P, =P NAR,.

Proof. 1t is clear that, by Lemma IV, if the NF transformation is
operated by a sequel of coordinate transformations (9) with all generators
h,€¥,, then n: %, —»R,. The h, are determined as solutions to the
homological equation (18); by Lemma III, if the r.h.s. of this is in %, and
(30) holds, it is indeed possible to choose A, € €,, and this corresponds to
the canonical choice. The fact that (30) holds is guaranteed by f € £, (see
above), and 0( f;) € &, follows from Lemma V. The proof of the theorem
is complete. The proof of the corollary is immediate, since the theorem
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shows that
AR)=P,. CPNR, =P, (39)

On the other hand, as observed in Section 1, since = is the identity on 2,
so that (@ NnA,) = P N R,, necessarily #, c #,, so that Z,=2,. R

It should be stressed that our proof also permits one to identify the
RDS which correspond to a given reversible NF: indeed, from the proof it
is clear that we have the following.

Corollary. Given a NF VF w(x) € 2,, the most general RDS f such
that n(f) =w can be obtained by unfolding the NF w by means of
coordinate transformations of the type (9) with 4, € €,.

5. EXAMPLE

We would like to illustrate briefly by a concrete example the applica-
tions of our result. We will fix 4 and S, given by

10 0 1
Az(o —1); S=<1 0> (40)

Notice that 4 =A4™* and ¥} =%, i.e., Assumption A is verified.

We will write
_ (1) |
fee ) = ([_ o y)) (41

By straightforward algebra, we get that

ey = 12 Xy

fed o (42)
f(xy= ,Z — &, X"y’
frx, ) =Y B.(xy)™x
feKer(&,) & m (43)

(%9 =Y va(en)™y

If we want to study all the DS which are reversible w.r.t. S and whose
linear part is given by A4, we should in principle study a generic DS given
by (42) with the only constraint o, =1, oy, = 0.

The theory of NF tells us that given any system f with linear part A,
we can reduce the problem to that of studying a system given by
w=n(f) e Ker(Z,), i.c., a system of the form (43) with B, = —y,= 1.
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The theorem proved above ensures that we can consider only re-
versible NF, i.e., we only have to study f € (%, nKer(%,)); in the present
case [cf. (42), (43)] we have

Frxp) =Y Bu(xp)™x
f€ (@R, nKer(Z)) < '” (44)
f_(xa y) = Z - ﬂm(xy)my
It is clear that this represents a great simplification with respect to either
(42) and (43).
To illustrate this in a completely explicit case, consider 4, S as in (40),

and say we are interested only in DS up to cubic terms. From (42) we have
that the general form of such a system is

X=x+cx2+cxy +e3y% + cgx3 + csx?y + cgxy? + ¢y 3

. 45
y=—y =X’ —xy — ,y* — ;X% — cex%y — esxy* — ¢4 y° 43
while with our theorem it suffices to consider
X =x+ax?
(46)

y=—y—axy?
It is also easy to check explicitly that the transformation (9) taking (45)
into (46) is generated by h,, #; € €,. Indeed we have explicitly

(A _ [ax?—cxy —(1/3)csy?
he = <h2_) - (Clyz— Xy — (1/3)033‘2 47
(B 1 {eax® —csxy? — (1/2)c;p? : '
hy = (h;) "2 (c4y3 — cgx?y — (1/2)¢, x3 (48)

6. DISCUSSION AND CONCLUSIONS

In order to obtain our results, we have introduced two restrictive
assumptions, i.e., Assumption A on one hand, and M =R" on the other.
We would now like to discuss briefly how our discussion is affected if these
assumptions are relaxed.

Assumption A, i.e., (19), was used in Lemma V, where we employed
the decomposition (20) for .#. If (19) fails, we can still decompose .# in
terms of Ran(%,) and Ker(% } ). We should consider ¢, € Ker(Z7); (34)
and (36) would still hold, and the latter would again imply (37) and
therefore (38).

The reason to consider Assumption A is that the reduction to NF is
slightly more complicated if Assumption A is not satisfied; it would still be
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possible to go along with the lines of the present discussion and obtain the
same final result. The reduction to NF when Assumption A does not hold
is discussed in Arnold (1982), Arnold and II’yashenko (1988), and Bruno
(1989) in the general case and in Belitsky (1979) and Elphick et al. (1987)
for the symmetric case (39); see below.

As for the assumption M =R™, if we consider instead a generic
smooth manifold embedded in R™, M < R™, then the very definition (3) of
RDS we used here is not adequate: indeed, if f(x) € T, M, f(Sx) € Ts. M,
and we should make use of a connection on TM in order to express the
relation between tangent VF at different points of M. For curved mani-
folds, the value of the transported VF would depend on the path used to
go from x to Sx, so that (3) would not make sense in general. It would still
make sense if we assume that x, is a fixed point both for S and for the VF
/, as we have assumed in our discussion (obviously we can take any point
Xp € M as x =0).

More precisely, in general we should revert to local definitions of
reversibility (Quispel and Capel, 1989); in this case, we would require that
there are a point x, which is a fixed point for S, i.e., Sx,= x,, and a disk
% around x, (in the matrix on M) invariant under S. If M is pu-dimen-
sional, we can then project the disk # on the tangent hyperplane to M in
Xo, i-€., t0 a space R¥, provided the radius of # is small enough. We are
then in the setting of our discussion, with the role of .# taken by # and
that of m taken by u. Our discussion and results therefore apply to a local
NF classification of RDS in the neighborhood of a common fixed point of
S and f. These considerations do also extend to the case of maps, as
mentioned in Section 1.

Summarizing, we have proved that the (canonical) Poincaré—Dulac
NF reduction of a DS reversible w.r.t. a given linear involution S is still
reversible w.r.t. the same S.

Our theorem allows us to reduce the local study of RDS to that of
reversible NF, in the same way as one can reduce the local study of DS to
that of NF.

It should be mentioned that the result obtained here is the equivalent
of the known one for DS which are symmetric under a linear transforma-
tion, i.e., such that

S(Sx) = §f(x) (49)

holds, rather than (3). In this case, indeed, we are granted that the NF
w = n(f) satisfies as well w(Sx) = Sw(x) (Arnold and II’'yashenko, 1988;
Belitsky, 1979; Elphick et al., 1987). This resuit cannot be directly applied
to reversible systems, as the latter invariant under the transformation (4),
which acts not only on the x, but on the time ¢ as well.
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In the case (39) the equivariant NF theory has been recently general-
ized to consider nonlinear transformations S (Cicogna and Gaeta, 1993);
we conjecture that the parallel between the reversible and the equivariant
cases extends to this setting. Notice, however, that if the linear part of S is
nonresonant, it is possible by the Poincaré—Dulac procedure to linearize S
and deal with the case of linear symmetries considered in the present work.
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